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Introduction == )
Perfectoid fields & Tilting

Theorem (Fontaine—Wintenberger’79)
Gal(Qp (p*/P™)) = Gal(Fp (1) (7/77)).
GENERALIZATION [ScHOLZE *12]: framework of perfectoid fields and tilting

tilt

perfectoid fields
of characteristic p

perfectoid fields
of characteristic 0

o —

Qp (p1/P%)

untilt F, ((W/pm)

Perfectoid transfer: K and K® are very similar.

~~ Can also be explained with model theory, [RIDEAU-KIKUCHI-SCANLON—-SIMON ’25],
[JAHNKE—KARTAS ’25].
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Valued Fields
Notation
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Avalued field (K, v) is a field K together with a valuation map

viK* = TS
ordered abelian group,

~ related algebraic objects: written additively

e vK =T, the value group,

e O, ={x € K*:v(x) > 0}, the valuation ring with maximal ideal m,,, and
e Kv:=0,/m,, the residue field, with the residue map res,,: O, — Kv.

THE CHARACTERISTIC (0,0), equicharacteristic zero
OF AVALUED FIELD: V). eq

(char(K), char(Kv)) = (0, p), mixed characteristic

(p,p), equicharacteristic p / positive characteristic
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A perfectoid field is a valued field (K, v) of residue characteristic char(Kv) = p > 0 such that

tilting is possible
(1) complete and the value group has rank 1, </

(2) vKisp-divisible, and

(3) 0O,/pis semiperfect,
i.e., the Frobenius O,,/p — 0O,,/p, x > xP is surjective.

} the tilt is nice

We want to remove (1) and still be able to define the tilt.
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A New Class of Valued Fields 1y Q’“

Consider the class C,, of henselian semitame fields of mixed characteristic (0, p), i.e., valued fields
(K, v) of mixed characteristic (0, p) where

(1)* (K,v)is henselian, New!

(2) vKisp-divisible, and

(3) 0,/pissemiperfect.

Let € := U}, prime Cp be the class of henselian semitame fields of mixed characteristic.
FACT:

e Perfectoid fields of mixed characteristic are contained in C

e C, isan elementary class of valued fields,

e Cisclosed under elementary equivalence.

Aim FOR TODAY: Define a model-theoretic tilt for valued fields in C.
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Main Tool: The Standard Decomposition ==
Understanding valued fields of higher rank

Let (K, v) be a valued field of mixed characteristic. (Think of the arrows as places/residue map)
We can decompose into:

K )i’ Ko vf K, VK Kv
equi 0 mixed equip
rank 1
Fact: If (K, v) is Ny-saturated, then (Ko, V) is complete. --»  We can tilt!
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The Model-Theoretic Tilt
Definition

- 750,
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Let (K, v) € € and take (L, w) = Th(K, v) to be X;-saturated. We construct the tilt (L”, w") of (L, w)
as follows:

i w

A= wo perfectoid P LW

L = (Lol (A) —2 (Lo —=— Ly " Lw

Hahn series

\/

THEOREM (K.): Th(L”, w”) does not depend on the choice of the saturated model (L, w).

DEFINITION: The tilt of Th(K, v) is| Th®(K,v) := Th(L", w®).
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The Model-Theoretic Tilt ==
Well-definedness

Theorem (K.)

Th(L’, w”) does not depend on the choice of the saturated model (L, w).

PROOF INGREDIENTS:
(1) FacT [GITIN]: If (L,w) = (L’,w’) are both Ny-saturated, then
° U_,Wo) = (L/,Wé

o (Lo, wy) = (Lé,w{,)
o (Lp, W) = (L), W)
(2) FAcT [JAHNKE—KARTAS *25]: If (K, v) = (K’,v’) are both perfectoid, then (K”,v*) = (K", v").
(3) AKE= FOR EQUICHARACTERISTIC TAME FIELDS [KUHLMANN *16] for the Hahn series.
(4) DecomposITION AKE [K.]: We can glue everything back together. (follows from [KUHLMANN 16])
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The Model-Theoretic Tilt of a Perfectoid Field
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Theorem (K.)

Let (K, v) be a perfectoid field. Then Th®(K,v) = Th(K®,v").

PROOF SKETCH: Let (L, w) := (K, v)¥. Need to show: (L?, w")

wo Wp =
L A= wglL LO perfec]:oid Lp LW
§§ ) [}
@6\ 71
7 Q
v 5P 4 -
L = (Lo)"(A) ——= (L)’ —— Ly Lw

~
tame with divisible value grou
group YI| [JAHNKE—KARTAS *25]

AKE= - Wb
AMEAET (K0 V) = (L, W) = (1, W) K —— K
[KUHLMANN ’16]
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Fontaine-Wintenberger theorem == i @)
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Theorem (Scholze, Fontaine—Wintenberger for perfectoid fields)

Let (K, v) be a perfectoid field. Then Gal(K) = Gal(K).

Theorem (K., Fontaine—Wintenberger for the model-theoretic tilt)

Let (L,w) € @ be X;-saturated. Then Gal(L) = Gal(L").

PROOF SKETCH:

A= wqol LO perfectoid L'P Lw
Gal( L ) ramification GaI(LO)
Al — H =
Gal(l") ™ | Gal(Ly)
v — -
L = (Lo)(A) HahnsAeries (Lo)’ s Ly Lw

perfectoid tilt
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Definition

Afield K is C; if every homogeneous polynomial over K of degree d inn > d! many variables has a
non-trivial zero in K.

FACT [JAHNKE—KARTAS ’25]: Let (K, V) be a perfectoid field. If K is Cy, then so is K".
Theorem (K.)
Let (L, w) € @ be X;-saturated. IfL is Cy, then so is L.

PROOF SKETCH: - p— _
A= wol] Lo perfectoid Lp Lw
Ci=— Cin § (%): K((t) is C; = Kis Ci_
R R (Greenberg): Kis C; = K((t)) is Ci ;1
v TR =
Lb = (LO)b((A)) HahnsAeries (Lo)b : LD LW

perfectoid tilt
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» We defined a class € of henselian semitame fields of mixed characteristic. This class contains all
perfectoid fields of mixed characteristic, but also valued fields with arbitrary rank.

» We defined a model-theoretic tilt for valued fields in C. It is defined up to elementary
equivalence. MAIN TOOL: the standard decomposition.

» We proved that the model-theoretic tilt of a perfectoid field is the same as its usual tilt (up to
elementary equivalence).

» We showed a version of Fontaine-Wintenberger for the model-theoretic tilt.
» We proved transfer of the C;-property.

Thank you!
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