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First notions

An f -ring is a subdirect products of totally ordered rings (a lattice
ordered ring). This is expressible by an universal first order sentence in
the language of lattice-ordered rings Llor = {0, 1,+, ·,∧}. Precisely:

∀a∀b∀x(a ∧ 0 = b ∧ 0 = x ∧ 0 = 0 ∧ a ∧ b = 0→ a ∧ bx = a ∧ xb = 0).

The language of ordered rings will be denoted by Lor = {0, 1,+, ·, <}.

An f -ring A is projectable if A = a⊥ + a⊥⊥, for all a ∈ A; where the
polar of a ∈ A is a⊥ = {b ∈ A : a ⊥ b} and the bipolar of a is
a⊥⊥ = {b ∈ A : b ⊥ c for all c ∈ a⊥}. This notion is expressed by a first
order formula in Llor.

A ring is reduced if it doesn’t have nilpotent elements other than cero.

An ordered ring A satisfies the first convexity property if

∀a∀b(0 < a < b→ b | a),

is true in A.
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First notions

A lattice ordered ring is called divisible-projectable if it satisfies the
following formula:

∀x∀y
(
y 6= 0→ ∃z∃w

(
x = z + w ∧ z ⊥ w ∧ y | z ∧

∀w ′(w ′ 6= 0 ∧ w ′ ⊥ (w − w ′)→ y - w ′)
))
.

A ring A is called sc-regular if there exists an element u ∈ A such that
Ann(u) = {0} (or 1� u) and u - e for every non-zero idempotent e ∈ A.

Real closed rings have been introduced by Niels Schwartz in the late
80’s. There a many different ways to see those rings (isomorphic to its
real closure, an inductive definition using first the notion of a real closed
domain, there is an axiomatization, etc).

In the context of this talk, you may think real closedness equivalent to
the satisfaction of the intermediate value property for polynomials.
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Cherlin-Dickmann theorem

Cherlin and Dickmann proved (1983) that the theory of real closed
valuation rings admits elimination of quantifiers in the language
Lor ∪ {|}, where | is the divisibility relation.
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Boolean Products

Let L be a first-order language, A a L-structure and {Ax : x ∈ X} a
family of L-structures.

We say that A is a Boolean product of {Ax : x ∈ X} in L, denoted by
A ∈ ΓaL

(
X , (Ax)x∈X

)
, if the following conditions holds:

(i) X is a Boolean space.
(ii) A is a subdirect product of {Ax : x ∈ X}.
(iii) For every atomic L-formula Φ(v1, . . . , vn) and every a1, . . . , an ∈ |A|,[[

Φ(a1, . . . , an)
]]

=def
{
x ∈ X : Ax |= Φ

(
a1(x), . . . , an(x)

)}
is a clopen subset of X .
(iv) Patchwork property: For every a, b ∈ A and any clopen set N of X ,
the element c = a�N ∪ b�X\N defined by

c(y) =

{
a(y) if y ∈ N
b(y) if y ∈ X \ N,

belongs to |A|.
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Boolean Products

We say that A is an elementary Boolean product of {Ax : x ∈ X} in L,
denoted by A ∈ ΓeL

(
X , (Ax)x∈X

)
, if A is a Boolean product of

{Ax : x ∈ X} in L and condition (iii) is verified for all L-formulas
Φ(v1, . . . , vn).

Let A be a reduced f -ring. Then A is a projectable, divisible-projectable,
sc-regular real closed ring with the first convexity property if and only if
A is the ring of continuous sections of a Haussdorff sheaf of Real Closed
Valuation Rings (in the language of ordered rings adjoining the divisibility
relation), that is

A ∈ ΓeLor∪{|}
(
πA, (A/p)p∈πA

)
,

where πA is the space of minimal prime ideals of A and A/p is a real
closed valuation ring, for every p ∈ πA.
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Radical relations

Radical relations were defined by Prestel-Schwartz in the following way:

(1) a� a, for all a ∈ A;
(2) if a� b and b� c then a� c , for all a, b, c ∈ A;
(3) if a� c and b� c then a + b� c , for all a, b, c ∈ A;
(4) if a� b then ac � bc, for all a, b, c ∈ A;
(5) a� 1, for all a ∈ A and 1 6� 0;
(6) b� b2, for all b ∈ A.
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Radical relations and von Neumann regular rings

Prestel-Schmid (1990) showed that for any radical relation � on a ring
A, there exists a subset X ⊆ Spec(A) such that:

a� b ⇐⇒ ∀p ∈ X (a /∈ p ⇒ b /∈ p).

Prestel-Schwartz (2002) showed:

• if X = πA is the space of minimial prime ideals of a ring A, then the
radical relation given by X is

a� πAb ⇐⇒ ∀x(bx = 0→ ax = 0)⇐⇒ Ann(b) ⊆ Ann(a).

• the theory of von Neumann regular real closed rings without non-zero
minimal idempotents admits elimination of quantifiers in the
Lor = {0, 1,+, ·, ∧ , �}.
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A theory of real closed rings and Local Divisibility

Let T ∗ be the theory of projectable, sc-regular, divisible-projectable, real
closed rings without minimal (non-zero) idempotents.

The local divisibility relation is defined by:

y |loc w ←→ ∃w ′(w ′ 6= 0 ∧ w ′(w − w ′) = 0 ∧ y | w ′) ∨ w = 0,

or equivalentely:

y |loc w ←→ ∃e
[
e2 = e ∧ we 6= 0 ∧ e �w ∧ y | we

]
∨ w = 0.

Theorem (G., 2025): The theory T ∗ admits elimination of quantifiers
in language L = {0, 1,+, ·, ∧ , |, � , |loc}.
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Theorem (G., 2025): The theory T ∗ admits elimination of quantifiers
in language L = {0, 1,+, ·, ∧ , |, � , |loc}.
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Idea of the proof

The model completeness of the theory T ∗ is established in the language
of {0, 1,+, ·, ∧ , � , |loc} using Comer’s result (a Feferman-Vaught result
for Boolean products) and the fact that global morphisms respecting
local divisibility entails local morphisms respecting the usual divisibility (a
similar result for q. e. will be soon stated).

In order to prove the elimination of quantifiers of T ∗, I will first describe
the universal theory T ∗∀ and secondly, prove that the amalgamation
property for this theory T ∗∀ .
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Universal theory

Theorem (G., 2025): The universal theory of T ∗ in the language
{0, 1,+, ·, ∧ , |, � , |loc} is the theory of reduced f -rings satisfying the
following axioms:

• the first convexity property: ∀a∀b(0 < a < b→ b | a),

• the glueing axioms for divisibility:
∀a∀b∀c1 · · · ∀cn

(
(bc1 − a) · · · (bcn − a) = 0→ b | a

)
, for each n ∈ N.

• the local divisibility property: ∀a∀b∀c(a 6� bc − a→ b |loc a).
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Amalgamation property

Let A,B,C |= T ∗∀ such that there exists f : A→ B and g : A→ C
monomorphisms in the language {0, 1,+, ·, ∧ , |, � , |mloc}.

We want to find D |= T ∗∀ and monomorphisms h : B → D and k : C → D
such that the following diagram is commutative:

B

A � D.

C

h

g

f

k
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Amalgamation property

By Prestel-Schwartz, there exists f̃ : πB
con → πA

con
and

g̃ : πC
con → πA

con
continuous and surjective functions; that is:

πB
con

πA
con
.

πC
con

f̃

g̃

This diagram can be completed using the coproduct of πB
con

and πC
con

over πA
con

, given by:

X = πB
con×πA

con πC
con

=
{

(q1, q2) ∈ πBcon×πC con
: f̃ (q1) = g̃(q2)

}
.
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Amalgamation property and local morphisms

Thus we have the following commutative diagram:

πB
con

X � πA
con
.

πC
con

f̃π1

π2 g̃

Theorem (G., 2025): Let A |= T ∗∀ in the language
{0, 1,+, ·, ∧ , |, � , |mloc} and let B |= T ∗. Let f : A→ B a
monomorphism in the language {0, 1,+, ·, ∧ , |, � , |mloc}. For q ∈ πB

con

and p ∈ πAcon
such f̃ (q) = f −1(q) = p, one has that fpq : A/p → B/q is

a monomorphism in the language L′ = {0, 1,+, ·,6, |}.
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Maximal local divisibility

In order to prove the previous theorem, the notion of local divisibility had
to be strengthened to what I called a maximal local divisibility:

b |mloc a↔ a = 0 ∨ ∃e
[
e2 = e ∧ ae 6= 0 ∧ e � a ∧ b | ae

∧
(
a(1− e) = 0→ b | a

)
∧
(
a(1− e) 6= 0→

∀f
(
f 2 = f ∧ a(1− e)f 6= 0 ∧ f � a(1− e)→ b - a(1− e)f

))]
.
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Amalgamation property and local morphisms

Using the previous theorem for q = (q1, q2) ∈ X and putting
p = f̃ (q1) = g̃(q2) ∈ πAcon

, one has monomorphisms fpq1 : A/p → B/q1
and gpq2 : A/p → C/q2 in the language L′ = {0, 1,+, ·,6, |}.

By quantifier elimination of the theory RCVR, there exists a real closed
valuation ring Rq such that the following diagram is conmutative:

B/q1

A/p � Rq,

C/q2

hq

gpq2

fpq1

kq
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Amalgamation property

Now consider the ring D =
∏

q∈X Rq , and let h : B → D and k : C → D
be given by:

h(b) = (hq(b + q1))q∈X and k(c) = (kq(c + q2))q∈X ,

for b ∈ B and c ∈ C , where q = (q1, q2) ∈ X .

It is rather technical to prove that h and k are monomorphisms in the
language Llor ∪ {|, � , |mloc} and that D |= T ∗.

And finally the following diagram is commutative:

B

A � D

C

h

g

f

k
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Two other cases

• Let A = V0 ×V1, where V0,V1 are two real closed valuation rings, then
T2 = Th(A) is the theory of sc-regular projectable real closed rings with
the first convexity property where the Boolean algebra of idempotents
satisfies ∃=4, i.e.: the formula saying that the structure has four elements.

Using similar methods: it is easy to prove that T2 admits elimination of
quantifiers in the language Llor ∪ {|, � , |loc}

• Now consider F2 = Th(F ) where F = F1 × F2 with F1 and F2 two real
closed fields. In fact, F2 is the theory of von Neumann regular real closed
rings where the are only four idempotents.

As the previous case, the theory F2 has elimination of quantifiers in the
language Llor ∪ {|, � , |loc}.
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The main theorem

Let A be a reduced projectable and divisible-projectable f -ring satisfying
the first convexity property. Then A admits quantifier elimination in
L1 = Llor ∪ {|, � , |loc} if and only if one of the following conditions
holds:

(i) A is a real closed field,
(ii) A is a product of two real closed fields,
(iii) A is a von Neumann regular real closed ring without non-zero
minimal idempotents,
(iv) A is a real closed valuation ring,
(v) A is a product of two real closed valuation rings,
(vi) A is a sc-regular real closed ring without non-zero minimal
idempotents.
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The idea

The idea of the proof is to interpret the language L1 = Llor ∪ {|, � , |loc}
in a previous language where I had proved the same result.

The previous language is L2 = Llor ∪
{
div(·, ·)

}
, where

div(x , y) = c ←→ c � y ∧ ∃z∃w
(
x = z + w ∧ z ⊥ w ∧ cy = z ∧

∀w ′(w ′ 6= 0 ∧ w ′ ⊥ (w − w ′)→ y - w ′)
)
.
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Real closed domains

A domain D is real closed if the following conditions are verified:

(i) R = qf(D) is a real closed field,
(ii) D is integrally closed (in R),
(iii) ∀a∀b(0 < a < b→ b | a2) is true in D.

Real closed domains are local rings, with mD its unique maximal ideal.

The convex hall cH(D,R) of D in R is a convex subring of R, therefore a
real closed valuation ring of R with mV its maximal ideal and
mV ∩ D = mD .

Therefore kD = D/mD is a subfield of kV = V /mV , and PD = (kD , kV )
is a pair of real closed fields interpretable in the original structure D.

Proposition: If two real closed domains D1 and D2 are elementary
equivalent, then PD1 ≡ PD2 .
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Real closed domains

Is the converse true ?

What is tp(x/A) in the Th(D) ? (in order to carry on a back and forth
between ω1-saturated structures).
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Thanks

Thank you !
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